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Abstract
We investigate the structure of an alternative finite dimensionalQ-algebraA subject to the condition
that for a Z-order Γ ⊂ A, and thus for every Z-order of A, the loop of units of U(Γ) does not contain
a free abelian subgroup of rank two. In particular, we prove that the radical of such an algebra
associates with the whole algebra. We also classify RA-loops L for which ZL has this property.
The classification for group rings is still an open problem.
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1. Introduction
Group rings ZG whose unit groups U(ZG) are hyperbolic were characterized in [9] in the case
when G is polycyclic-by-finite. A similar question was considered for RG, R being the ring of alge-
braic integers of K = Q(
√−d) and G a finite group (see [10]). In [7, 8], these results were extended
to characterize associative algebras A finite dimensional over the rational numbers containing a
Z-order Γ ⊂ A whose unit group U(Γ) does not contain a subgroup isomorphic to a free abelian
group of rank two. An algebra A with this property is said to have the hyperbolic property. Using
these general results, the finite semigroups S and the fields K = Q(
√−d) such that KS has the
hyperbolic property were classified.
In this paper we study the same problem in the context of non-associative algebras, in particular
those which are loop algebras. A loop L is a nonempty set with a closed binary operation · relative
to which there is a two-sided identity and such that the right and left translation maps Rx(g) := g ·x
and Lx(g) := x·g are bijections. Let L be a finitely generated loop, we say that L has the hyperbolic
property if it does not contain a free abelian subgroup of rank two. This definition is an extension
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of the notion of hyperbolic group defined by Gromov [6] via the Flat Plane Theorem [2, Corollary
III.Γ.3.10.(2)]. Here we characterize the RA-loops L such that U(ZL) has the hyperbolic property.
In section 2, we fix notation and give definitions. In section 3, we prove a structure theorem for
finite dimensional alternative algebras with the hyperbolic property. As a consequence we obtain
that, for these algebras, the radical associates with the whole algebra. In the last section we present
a full classification of those RA-loops L whose unit loop U(ZL) has the hyperbolic property. We
remark that this problem is not yet completely settled for groups.
2. The Hyperbolic Property
For a field K let H(K) = (α,β
K
), α, β ∈ K be the generalized quaternion algebra over K, i.e.,
H(K) = K[i, j : i2 = α, j2 = β, ij = −ji = k]. The set {1, i, j, k} is a K-basis of H(K). Recall that
an algebraic number a is totally real if all its conjugates are real. A field K is totally real if every
element a ∈ K is totally real. A number a ∈ K is called totally positive if all its conjugates are
real and positive. If K is totally real and α, β are totally positive, the algebra H(K) is said to be
a totally definite quaternion algebra. The map η : H(K) −→ K, η(x = x1 + xii + xjj + xkk) =
x21 − αx2i − βx2j + αβx2k is called the norm of H(K).
Denoting by [x, y, z]=˙(xy)z−x(yz), we recall that a ring A is alternative if [x, x, y] = [y, x, x] = 0,
for every x, y ∈ A. Let A be a finite dimension alternative Q-algebra and R the radical of A. Recall
that the radical of a finite dimensional algebra is its unique maximal nilideal. In [11, chapter III],
it is proved that R is the set of the elements z ∈ A, such that, az is nilpotent for all a ∈ A. Elements
z with this property are called properly nilpotent. By [11, Theorem 3.18], A ∼= S⊕R a direct sum
as vector spaces, where S is a subalgebra of A and S ∼= A/R is semi-simple.
Definition 2.1. Let K be a field, of characteristic zero, and let A be a finite dimensional alternative
K-algebra. We say A has the hyperbolic property if there exists a Z-order Γ ⊂ A whose unit loop
U(Γ) has the hyperbolic property.
For an associative finite dimensional Q-algebra this property was defined in [7].
Proposition 2.2. Let A be an alternative finite dimension Q-algebra such that A ∼= S ⊕R, with
R 6= 0 being the radical of A. If A has the hyperbolic property, then R is nilpotent of index 2.
Furthermore, there exists j0 ∈ R such that and R ∼= 〈j0〉Q is the Q-linear span of j0 over Q.
Proof. As R is nilpotent, there exists a positive integer n and the chain of ideals R ⊃ R2 · · · ⊃
Rn = 0. Suppose, n ≥ 3. Set x, y ∈ A, such that, x ∈ Rn−2 \Rn−1 and y ∈ Rn−1. For a Z-order
Γ ⊂ A, there exist α, β ∈ Z, such that, {αx, βy} ⊂ (Γ∩R). Clearly, y2 = 0 = x3 = 0 and αx, βy are
nilpotent elements. Hence (1 +αx), (1 + βy) ∈ U(Γ). We claim that 〈1 +αx〉 ∩ 〈1+ βy)〉 = {1}. In
fact, since by Artin’s Theorem, [11], the subalgebra generated by x, y is an associative algebra, for
a positive integer r, we have that (1+αx)r = 1+ rαx+ r
2−r
2 (αx)
2. For a negative exponent, write
(1+αx)−r = ((1+αx)−1)r = (1−αx+(αx)2)r = 1−r(αx−(αx)2)+(r2)(αx)2 = 1−r(αx)+ r2+r2 (αx)2.
So, for an arbitrary r ∈ Z, we can write (1+αx)r = 1+ |r|αx+ r2−|r|2 (αx)2, where |r| is the absolute
value of the integer r. Similarly, for s ∈ Z we have (1+βy)s = 1+ |s|βy. So, assume that, for some
r, s ∈ Z, we have (1 + αx)r = (1 + βy)s. Hence, 1 + |r|αx + r2−|r|2 (αx)2 = 1 + |s|βy, and thus, if
r 6= 0, we can write x = 1|r|α(1 + |s|βy − r
2−|r|
2 (αx)
2) ∈ Rn−1, a contradiction. As xy = yx, then
we would have that 〈1+αx, 1+ βy〉 ∼= Z2. Since A has the hyperbolic property, then we must have
that n ≤ 2.
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As R 6= 0, then n = 2. Now we prove that dim(R)Q = 1. Suppose dim(R)Q > 1, then there
exist two linearly independent elements x, y ∈ R, and we compute (1 + αx)r = 1 + |r|αx and
(1 + βy)s = 1 + |s|βy. So, as before, we have that 〈1 + αx〉 ∩ 〈1 + βy)〉 = {1}, otherwise we would
get x = |s|β|r|αy. This can not happen, as A has the hyperbolic property. Thus, dim(R)Q = 1, and
there exists j0 as in the proposition.
Definition 2.3 (Totally Definite Octonion Algebra). Let K be a field. An alternative division
algebra A, with center K, is called an Octonion Algebra if there exist x, y, z ∈ A, such that, the
set B = {1, x, y, xy} ∪ {z, xz, yz, (xy)z} is a K-basis of A, with x2 = −α, y2 = −β, z2 = −γ and
α, β, γ ∈ K. If K is totally real, and the elements α, β, γ are totally positive, then we say that A is
a totally definite octonion algebra. In this case we write A = (K,−α,−β,−γ).
The totally definite octonion algebra A := (K,−α,−β,−γ) is non-split: since α, β, γ are totally
positive and K is totally real, the equation x2 + αy2 + βz2 + αβw2 + γt2 = 0, x, y, z ∈ K, has only
the trivial solution. Thus, by [4, Theorem 3.4], A is non-split.
Next we give a characterization of the totally definite octonion algebras which is a natural
extension of [12, Lemma 21.3]. Recall that by a corolary in [13, p. 152], since A is an alternative
algebra which is a division ring that is not associative, its center is a field and A is a Cayley-Dickson
algebra over its center.
Let Γ1,Γ2 be Z-orders of an alternativa algebra A over its center K a number field. Some
properties, for orders of associative algebras, still hold in the non-associative case. For example,
Γ1 ∩ Γ2 is an order of A. Consequently, if O is a maximal order in A and oK the ring of integers
of K which is a Z-order of K, then (O ∩K) ∩ oK is a Z-order of K. It is well known, that oK is the
unique maximal Z-order of K. Hence, (O ∩K) ∩ oK = oK, so oK ⊆ (O ∩K) and (O ∩K) = oK.
Lemma 2.4. Let A be a finite dimensional algebra over K, B = {b1, · · · , bn} a basis of A over K
and oK the ring of algebraic integers of K. Set OA = oK + oKb1 + · · ·+ oKbn. Then, every maximal
Z-order Λ of A contains the order OA.
Proof. Since Λ is a Z-order, it is finitely generated as Z-module. Also Λ contais a Q-basis of A.
Clearly, R = OA + Λ is finitely generated as Z-module. Thus R is a Z-order of A which contains
Λ. The maximality of Λ yields that OA ⊂ Λ.
Remark 2.5. Given any Z-order O in A, it is contained in a maximal Z-order Λ. As both [U(Λ) :
U(O)] and [U(Λ) : U(OA)] are finite, it follows that any unit loop of the form U(O) is finite if and
only if U(OA) is finite.
Theorem 2.6. Let A be a non commutative and nonassociative alternative division algebra, finite
dimensional over its center K. Suppose that K is a number field, oK its ring of algebraic integers
and O a maximal order in A. Then, the index |U(O) : U(oK)| < ∞ if and only if the algebra A is
a totally definite octonion algebra.
Proof. Assume that |U(O) : U(oK)| < ∞. As we observed above, A is a Cayley-Dickson algebra
(K,−α,−β,−γ), where α, β, γ ∈ K. Thus, A is a composition algebra (A,−γ), where A is a
quaternion algebra H(K) = (−α,−β
K
), with α, β ∈ K. Clearly, we can suppose α, β ∈ O∩K, so that,
x2 = −α, y2 = −β and OA = oK + oKx + oKy + oKxy is a Z-order of A. By the previous lemma,
OA ⊂ O, so oK ⊂ OA ⊂ O. Since [U(O) : U(oK)] is finite, then [U(OA) : U(oK)] is finite. By
[12, Lemma 21.3], A is a totally definite quaternion algebra, K is totally real and α, β are totally
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positive. Similarly, we can interchange γ with α or β and conclude also that γ is totally positive.
Thus A is a totally definite octonion algebra.
To prove the converse, we follow the arguments of [12, Lemma 21.3]. Let B = {1, x, y, z, xy, xz,
yz, (xy)z} be a basis of A over a totally real field K, with x2 = −α, y2 = −β, z2 = −γ and
α, β, γ ∈ K. For a set X ⊂ A, we shall denote by L1(X) the set of units of X with norm equal to 1.
Without loss of generality, we may take α, β, γ ∈ oK and define the Z-order O = ⊕b∈BoKb. By
the lemma above, O ⊂ O. By [4, Lemma V III.2.6], the index [U(O) : U(O)] is finite.
We claim that L1(O) is finite. To see this, notice that if u ∈ L1(O), then u =
∑
b∈B cib, with
ci ∈ oK, and n(u) = c21 + αc22 + βc23 + γc24αβ + c25αγ + c26βγ + c27αβγ = 1. Since α, β, γ are totally
positive elements, it follows that for all embeddings σ of K, the absolute values |cσi | are bounded
for all ci, 1 ≤ i ≤ 7. Thus L1(O) is finite.
Since the norm n(a) = aa ∈ K for all a ∈ A, consider the map ϕ : U(O)/U(oK) −→
U(oK)/(U(oK))2, ϕ(xU(oK)) = n(x)(U(oK))2, which is easily seen to be well defined. If xU(oK) ∈
ker(ϕ), then ϕ(xU(oK)) = n(x)(U(oK))2 ∈ (U(oK))2 and n(x) = λ2 ∈ (U(oK))2 ∩ K. Define
z = λ−1x ∈ U(O). Clearly n(z) = 1 thus λ−1x ∈ L1(O) and the kernel of ϕ is L1(O)U(oK)/U(oK).
So U(O)
L1(O)U(oK)
∼= U(oK)(U(oK))2 which is finite. As L1(O) is finite, we get that |U(O)/U(oK)| is also finite,
as desired.
Corollary 2.7. Let A = K(−α,−β,−γ) be a totally definite octonion algebra over a number field
K, and let O ⊂ A be a maximal Z-order of A. The unit loop U(O) has the hyperbolic property if
and only if K is either Q or Q(
√−d), where d < 1 is a square free integer.
Proof. Suppose U(O) has the hyperbolic property. Let oK be the ring of algebraic integers of K.
Then U(oK) ⊂ U(O). If U(O) is finite, then U(oK) is a finite group. Since K is totally real, by
Dirichlet’s Unit Theorem, K = Q. Suppose U(O) is infinite. By Theorem 2.6 , |U(O) : U(oK)|
is finite, therefore U(oK) is infinite. As U(O) ⊃ U(oK) has the hyperbolic property, and U(oK) is
infinite abelian, it has free rank equal to 1. Thus, by Dirichlet’s Unit Theorem, K = Q(
√−d),
where the integer d < 1.
Conversely, if K = Q, then U(oK) is finite and, by the previous theorem, U(O) is finite and has
the hyperbolic property. If K = Q(
√−d), d < 1, then, by Dirichlet Unit Theorem, U(oK) ∼= Z,
and the last theorem shows that Z2 cannot be contained in U(O). Hence U(O) has the hyperbolic
property.
3. A Structure Theorem
In this section we prove a structure theorem for finite dimensional alternative Q-algebras with
the hyperbolic property.
For a commutative associative unitary ring R, we shall denote by Z(R) the Zorn vector matrix
algebra over R, defined as in [4, p. 21]
Lemma 3.1. The Zorn vector matrix algebra over Q, Z(Q), does not have the hyperbolic property.
Proof. The Zorn vector matrix algebra Λ = Z(Z) is a Z-order of Z(Q), setting e1 = (1, 0, 0),
e2 = (0, 1, 0) and (0) = (0, 0, 0), then the elements θ1 =
(
0 e1
(0) 0
)
and θ2 =
(
0 e2
(0) 0
)
are
communting nilpotent elements of index 2 which are Z-independent. Hence, 〈1 + θ1, 1 + θ2〉 ∼=
Z× Z.
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Theorem 3.2. Let A be a finite dimensional, semisimple, alternative Q-algebra. Write
A = ⊕Ai,
a finite direct sum of simple alternative algebras and, for each index i, let Γi be a Z-order of Ai.
Then, the following holds.
1. If A contains no non-zero nilpotent elements, then A has the hyperbolic property if and only
if each simple component Ai is a division ring and, at most, for one index i0, the loop U(Γi0 )
is infinite and with the hyperbolic property. The other simple components are isomorphic to
either:
(i) The rational field Q or a quadratic imaginary extension of Q.
(ii) A totally definite quaternion algebra over Q.
(iii) A totally definite octonion algebra over Q.
2. If A contains nilpotent elements, then precisely one simple component is isomorphic to M2(Q)
and all the others are division algebras, with finite loop of units, as in (i), (ii), (iii) above.
Proof. (1) Assume that A has the hyperbolic property. As both matrix algebras and Zorn’s vector
matrix algebras contain nilpotents elements, it follows that A is a direct sum of division rings.
Clearly, at most one of these summands can contain an order Γi0 with U(Γi0 ) infinite and with the
hyperbolic property, as otherwise A would not have this property.
The fact that the simple components are as stated follows from [12, Lemmas 21.2 and 21.3], in
the associative case, and from Theorem 2.6, otherwise.
The converse is trivial.
(2) Assume that A has the hyperbolic property. Because of Lemma 3.1, we know that the non
associative components must be division algebras.
Since the sum of all non associative components also has the hyperbolic property, it follows from
[7, Theorem 3.1] that it must be as stated and the result follows.
Once again, the converse is trivial.
Notice that in this situation, the component with infinite loop of units is the one isomorphic to
M2(Q), as U(GL2(Z)) is hyperbolic.
Theorem 3.3. Let A be a finite dimensional alternative Q-algebra with non trivial radical J =
J(A). Write
A = A⊕ J,
a direct sum of Q-vector spaces, where A = ⊕i∈IAi, is a finite direct sum of simple alternative
algebras and, for each index i, let Γi be a Z-order of Ai.
The algebra A has the hyperbolic property if and only if either:
1. J is central, 1-dimension over Q, and the simple components of A are as described in (i), (ii)
and (iii) of the previous theorem;
2. J is non-central, 1-dimension over Q, and there exist indexes i1, i2 ∈ I, such that Ai1 ⊕Ai1 ⊕
J = T2(Q), the ring of 2 × 2 upper triangular matrices over Q, and the simple components
Ai, with i 6= i1, i2, are as described in (i), (ii) and (iii) of the previous theorem.
Furthermore, in both cases, we have that [J,A,A]=[A, J,A]=[A,A, J ] = 0.
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Proof. Assume that A has the hyperbolic property and J is central. As shown in 2.2, J is of
dimension 1 over Q; so, there exists j0 ∈ J such that J = Qj0. Since J = 〈1 + j0〉 ∼= Z is central,
it follows that for any Z-order Γi ⊂ Ai, the group U(Γi) must be finite and the result follows.
Conversely, if (1) holds, it follows trivially that A has the hyperbolic property.
Assume that A has the hyperbolic property and J is non central. As above, J is of the form
J = Qj0, for some j0 ∈ J . Proposition 2.2 shows that j20 = 0. For an idempotent e ∈ A, we have
that ej0 ∈ J , so ej0 = λj0, λ ∈ Q. Since e2 = e and A is diassociative, we have e(ej0) = ej0 = λj0
and also e2 = (λj0) = λej0 = λ
2j0. Thus λ
2 = λ, so λ = 0 or 1.
Write 1 =
∑
i∈I ei, with ei ∈ Ai. For each index i ∈ I, write eij0 = λij0. Then j0 =
(
∑
i∈I ei)j0 = (
∑
i∈I λi)j0, so (
∑
i∈I λi) = 1. Thus, there exists a unique index i1 ∈ I such that
λi1 = 1. Consequentely, ei1j0 = j0, and eij0 = 0 if i 6= i1. In a similar way, multiplying on the
right, we see that there exists a unique index i2 ∈ I such that j0ei2 = j0 and j0ei = 0 if i 6= i2.
Notice that i1 = i2 would imply j0 central and thus, also J central. So we may assume that
i1 6= i2.
SetMi1 = {m ∈ Ai1 mj0 = 0}, the left annihilator of j0 in Ai1 . We wish to prove thatMi1 is an
ideal, even if Ai1 is non associative. Choose a ∈ Ai1 and m ∈Mi1 . We shall show that am ∈Mi1 .
For an element a ∈ Ai1 we shall denote by λa, the elements in Q such that aj0 = λaj0.
Recall, see [4, Proposition I.1.11], that for any x, y, z in A, we have that
(xy)[x, y, z] = y(x[x, y, z]) (1).
Now, as [a,m, j0] = (am)j0−a(mj0) = (am)j0 = λamj0, in the formula above, we have (am)λamj0 =
m(aλamj0). If λam = 0, clearly (am)j0 = 0. If we have λam 6= 0, we can cancel to get
(am)j0 = m(aj0) = m(λaj0) = λa(mj0) = 0, as desired.
Now, we claim that alsoma ∈Mi1 . Notice that [m, a, j0] = (ma)j0−m(aj0) = (ma)j0−λamj0 =
(ma)j0. Using again formula (1), with x = m, y = a and z = j0, we get (ma)((ma)j0) =
a(m((ma)j0)) = λmaa(mj0) = 0; (ma)((ma)j0)) = (λma)
2j0, so λma = 0, proving that (ma)j0 = 0.
Hence ma ∈Mi1 and Mi1 is an ideal.
Assume now that Mi1 6= 0. As Ai1 is simple, it follows that Mi1 = Ai1 . For any a ∈ Ai1 , we
have aj0 = λaj0 and it follows that 0 = aj0 = λaj0, implying that a = 0, and thus Ai1 = 0, a
contradiction. Thus we have shown that Mi1 = 0. Since a − λaei1 ∈ Mi1 = (0), all a ∈ A are of
the form a = λaei1 . Hence A = Qei1 .
In a similar way, it can be shown that Ai2 = Qei2 .
By [7, Theorem 3.6, item (iv))] we have that A1 ⊕ AN ⊕ J ∼= T2(Q). The fact that the other
simple components are as stated follows again from Lemma 4.3 and Lemma 3.1.
Notice that since J2 = (0), the arguments above also show that ML, the left annihilator of J in
A is ML = ⊕i6=i1A1 ⊕ J .
Finally, choose x, y ∈ A and j = λj0 ∈ J . Then [x, y, j0] = (λxy − λxλy)j0. Write x = xL ⊕ x1
and y = yL⊕y1, with xL, yL ∈ML and x1, y1 ∈ Ai1 . Then (xy)j0 = (xLyL+x1yL+xLy1+x1y1)j0 =
(x1y1)j0, showing that λxy = λxλy, and thus [x, y, j] = 0, for all x, y ∈ A.
Similarly, it follows that [J,A,A] = [A, J,A] = 0, and the proof is complete.
4. Alternative loop algebras
Recall that a loop L is an RA-loop if its loop algebra RL over some commutative, associative
and unitary ring R of characteristic not equal to 2 is alternative, but not associative (see [4]).
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In this section we classify the RA-loops L, such that the loop of units U(ZL) has the hyperbolic
property.
RA-loops are Moufang Loops. The following duplication process, due to Chein, [3], results in
Moufang loops. In particular, all RA-loops are obtained in this way. Let G be a nonabelian group,
g0 ∈ Z(G) be a central element, ⋆ : G → G an involution such that g⋆0 = g0 and gg⋆ ∈ Z(G), for
all g ∈ G, and u be an indeterminate. The set L = G∪˙Gu = M(G, ⋆, g0), with the operations
1. (g)(hu) = (hg)u;
2. (gu)h = (gh⋆)u;
3. (gu)(hu) = g0h
⋆g,
is a Moufang Loop (see [4]).
A Hamiltonian loop is a non-associative loop L whose subloops are all normal. A theorem of
Norton gives a complete characterization of these loops ( [4, Theorem II.8]).
Proposition 4.1. [4, Theorem V III.3.2] Let L be a torsion group or a torsion RA loop. Then
U(ZL) = ±L if and only if L is an abelian group of exponent 1, 2, 3, 4 or 6, or a Hamiltonian
2-group, or a Hamiltonian Moufang 2-loop.
Lemma 4.2. [5, Theorem 2.3] Let G be a Hamiltonian 2-group and L = M(G, ∗, g0). Then L is
an RA-loop which is a Hamiltonian 2-loop and U1(ZL) = L.
Lemma 4.3. Let L be a finite RA-loop. If the algebra QL has nonzero nilpotent elements, then
QL has a simple component image which is isomorphic to Zorn’s matrix algebra over Q.
Proof. This is well known and follows from [4, Corollary V I.4.3] and [4, Corollary V I.4.8].
Lemma 4.4. Let L be a finite RA-loop. Then U(ZL) has the hyperbolic property if and only if
U1(ZL) is trivial, i.e., U1(ZL) = L .
Proof. As we saw before, there exists a non-abelian finite group G such that L = M(G, ∗, g0) =
G∪˙Gu. Since U(ZL) has the hyperbolic property, we have that Z2 6 →֒U(ZG). As G is finite, [9,
Theorem 3.2] implies that G ∈ {S3, D4, C3⋊C4, C4⋊C4} ∪{M :M is a Hamiltonian 2-group}. By
[1, Theorem 3.1], G
′ ∼= C2 and hence G /∈ {S3, C3 ⋊ C4}. We also have that G /∈ {D4, C4 ⋊ C4},
since if this were the case then the algebra QG would contain nilpotent elements and thus, by
Lemma 4.3, QL would contain a copy of Zorn’s matrix algebra, a contradiction.
Finally, if G is a Hamiltonian 2-group, then, by Proposition 4.2, U1(ZL) is trivial.
We can now characterize RA-loops whose integral loop ring has the hyperbolic property.
Theorem 4.5. Let L be an RA-loop. The loop U(ZL) has the hyperbolic property if and only if
the following conditions hold.
1. The torsion subloop T (L) is a Hamiltonian 2-loop or an Abelian group of exponent dividing 4
or 6 or a Hamiltonian 2-group.
2. All subloops of T (L) are normal in L.
3. The Hirsh lenght of the center of L, h(Z(L)) ≤ 1.
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Proof. Assume that U(ZL) has the hyperbolic property. As Z(L) is abelian and has the hyperbolic
property, it follows that h(Z(L)) ≤ 1.
If h(Z(L)) = 0, then Z(L) is finite and, since, by [4, Corollary IV.2.3], [L : Z(L)] = 8 then also
L is finite. By Lemma 4.4, U1(ZL) = L and thus L and T (L) are Hamiltonian, so (1) and (2) hold.
If h(Z(L)) = 1, assume, by the way of contradiction, that there exists t ∈ T (L), such that 〈t〉 is
not normal in L. Then, there exists l ∈ L, such that, θ = (1− t)ltˆ 6= 0 where tˆ = 1+ t+ · · ·+ to(t)−1.
As θ2 = 0, u = 1 + θ is a unit and un = 1 + nθ /∈ L for all integers n 6= 0. Hence, θ is of infinite
order and 〈θ〉 ∩ L = (1). So, as we are assuming that h(Z(L)) = 1, it follows that U(ZL) contains
a copy of Z2, a contradiction. Once again, we have that (1) and (2) hold.
Conversely, items (1) and (2) and [4, PropositionXII.1.3] imply that U1(ZL) = L[U1(Z(T (L)))] =
L(T (L)) = L. Since [L : Z(L)] = 8 and Z(L) is hyperbolic, it follows that L has the hyperbolic
property.
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